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Residual stresses in chemically deposited pyrolytic boron nitride (PBN) crucibles caused by 
thermal expansion anisotropy during cooling immediately following deposition are analysed. 
The calculations reveal that radial tension and combined tangential tension and compression 
exist in the crucible. The maximum stresses increase with an increase in the thickness of the 
crucible. Furthermore, while the outer wall of the crucible always shrinks upon cooling, the 
inner wall may expand, due to the residual stress states, resulting in a negative effective 
thermal expansion coefficient in the tangential direction. The influence of the PBN attachment 
to the mandrel on which it is deposited is also considered. Specifically, the radial tensile stress 
in the crucible is shown to increase due to this attachment, which in turn, enhances the 
delamination of the crucible. 

1 .  I n t r o d u c t i o n  
Boron nitride crucibles are synthesized with a high- 
temperature and low-pressure chemical vapour depo- 
sition (CVD) technique [1-6]. The crucible is pro- 
duced by depositing PBN on a mandrel having the 
desired configuration. When the vapour deposition is 
complete, the finished PBN is slipped off the mandrel 
[5, 7]. Articles of PBN produced by the CVD process 
are shown in Fig. 1. During deposition, PBN basal 
planes are oriented parallel to the deposition surface 
forming a highly oriented crystal structure consisting 
of laminar sheets isostructural to that of graphite. 
Consequently, a large degree of anisotropy exists 
between the planes parallel and perpendicular to the 
deposition surface [8-11]. Large differential thermal 
properties such as conductivity and expansion between 
directions parallel and perpendicular to the deposition 
surface have been measured [7, 12]. Furthermore the 
layered structure of PBN [13, 14] typically results in 
low tensile strength in the direction perpendicular to 
the layer (i.e. radial direction). In addition, residual 
radial tensile stress develops due to the higher thermal 
expansion coefficient in the radial direction compared 
to the tangential direction upon cooling. When the 
radial tensile stress exceeds the low radial tensile 
strength of the "laminates", delamination in PBN 
(Fig. 2) can occur and relax these stresses. 

In this paper, the stress distributions within the 
PBN crucible due to the thermal contraction mis- 
match during cooling are calculated. Furthermore 
because attachment of the PBN crucible to the man- 
drel may occur during cooling, the effects of this attach- 
ment on the stresses are also considered, Finally, effec- 
tive thermal expansion coefficients are defined, such 
that the total strains in the crucible, during cooling 
and constrained shrinkage, can be treated as stress- 
free strains. 

2. Stress analysis 
In order to analyse the problem, a two-dimensional 
geometry (Fig. 3) is considered in the present study 
with the crucible having the inner and outer radii of a 
and b, respectively. Furthermore, the temperature is 
assumed to be uniform throughout the thickness of 
the crucible (the typical thickness is 0.5 to 0.8ram) 
during cooling. The radial and tangential stresses, ar 
and ao, satisfy the equation of equilibrium [15] 

d a  r O" r - -  O- 0 

d-T + - - r  - 0 (1) 

The total strains er and e0 can be related to the stresses 
by [15] 

1 
e r = ~ (O" r - -  YGO) ~- o~AT (2a) 

1 
~o = ~ (ao - vat) + ~oAT (2b) 

where E is the Young's modulus, v is the Poisson ratio, 
AT is the temperature change during cooling (nega- 
tive), 0~ r and a0 are the thermal expansion coefficients 
in the radial and tangential directions, respectively. 
Furthermore, with u denoting the radial displacement, 
we have [15] 

du 
sr dr (3a) 

bt 
--- - (3b) G0 

r 

Solutions of Equations 1 to 3 yield, 

+ Clr + c-2 (4a) 
r 
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Figure 1 Articles of PBN produced by CVD process. 
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where C1 and C2 are constants which can be deter- 
mined from the following boundary conditions. 

The stress at the mandrel/crucible interface (r = a) 
generated by thermal mismatch during cooling is P, 

CRUCIBLE 

Figure 3 Schematic illustration of the PBN crucible, the mandrel 
and the stress components within the crucible. 

such that 

1 E v 2 [ ( l  + v)C1 1 -  v ] C2- (e t r+Vao)AT  = P 

(Sa) 

The outer surface (r = b) is a free surface, such that 

l + v  b 
( 1 - v ) ( e t r - e t ° ) A T I ~ l n a + l V - (  1 - ~ ) 1  

1 - -  v 

+ (1 + V)Cl b 2 Cz - (at + Veto)AT = 

Solutions of Equations 5a and b yield 

1 { [  b 2 l - v 2 b  
C 1 -  1 + ~  - b  2 a ~ 2 ln a 

a 2 

x (etr-- etO) A T -  b 2 __ a 2 E 
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The stresses are hence 
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Figure 2 Delamination in PBN resulting from anisotropic contrac- 
tion during cooling from its fabrication temperature. 
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The solutions of the stresses (Equation 7) are contin- 
gent upon the magnitude of the interracial stress, P. 
When the crucibIe separates from the mandrel during 



cooling, a free surface at r = a is obtained (i.e. 
P = 0), and the equations for the stresses (Equation 
7) simplify accordingly 

E(0~r - -  ~0)A T F 
O r =  2 Lln 

E( °~r 2~o )A T [ Cr 0 -- 1 + In r 
a 

b-- z (1 - - ~ ) l n ! l  
b 2 a 2 

(8a) 

(8b) 

However, if the mandrel and the crucible remain in 
contact during cooling, the interfacial stress, P, needs 
to be solved from the following boundary condition. 

The tangential strain of the crucible (Equation 4b) 
at r = a is 

~ = C1 + __C2 (9a) 
a 2 

and the tangential strain of the mandrel at r = a 
subjected to the interfacial stress, P, and the thermal 
strain is [15] 

e~ -- 1 -- V m p  + ~XmA T (9b) 
Em 

where E~, Vm and % are the Young's modulus, Poisson 
ratio and thermal expansion coefficient of the man- 
drel, respectively. Continuity at the interface requires 

e~ = e~ (10) 

Combining Equations 9 and 10 yields 

[ ( p = 1 -- Vm 1 b 2 + 
+ 2  

] 
x (e0 - er) b 2 - a - - - - - - 7  -a + 2(l~-~vv)J 

O~ r + 110~ 0 } 
"q- 1 + V CZ m A T  (11) 

J 

The stresses can then be obtained by substitution of  
the interfacial stress (Equation 11) into Equation 7. 

It is noted that, the total strains (Equation 2) in the 
crucible during cooling depend on the residual stresses 
(Equation 7). Nevertheless, the effective thermal 
expansion coefficients, ~ and ~0, can be defined: 

~r( r )  = ~r(r)/AT (12a) 

~o(r) = eo(r)/AT (12b) 

such that the total strains (Equation 2) can be treated 
as stress-free strains and the material will respond with 
the effective thermal expansion coefficients (given by 
Equation 12) during cooling. In the case of P = 0, the 
effective thermal expansion coefficients are: 

~r - -  ~0 ~f r b 2 
(Zr (F) : (Z r -~- T ~ (1 - v) In a b 2 - a 2 

× 1 - v -v(1 + v) l n - -  v 
a 

(13a) 

~r - -  0~0 J" r b 2 
~o(r) = ~o + ~ ] ( 1  - v) ln b2 a - a  2 

x 1 - v + ~ ( 1  + v) l n - +  l a  

(13b) 

Also, the displacement of the inner surface of  the 
crucible during cooling, in the case of P = 0, is 

1 b2 _ a--------- ~ In + ~0 a AT 

(14) 

It can be derived from Equation 14 that the inner 
surface remains stationary (u(a) = 0) when the ther- 
mal expansion coefficient ratio of the radial to the 
tangential component is 

ct0~ = 1 + I 2 / (  a b  22b~-2 lnb-a- 1)1 (15) 

and the inner wall will shrink or expand during cool- 
ing when the ratio is lower or higher than this critical 
value (Equation 15). 

3. R e s u l t s  
The normalized stresses as a function of relative pos- 
ition, r/a, in the crucible due to thermal expansion 
anisotropy during cooling is plotted in Fig. 4 for 
b/a = 1.2 and P = 0. The radial stresses are zero at 
the inner and outer free surfaces (r = a and r = b), 
and reach a maximum tension at some radial distance 
value between a and b. Furthermore, the tangential 
stress exhibits a maximum tension at the inner wall 
and a maximum compression at the outer wall. The 
maximum in the radial and tangential tensile stresses 
in the crucible as a function of  relative wall thickness, 
(b - a)/a, are plotted in Fig. 5 for P = 0. The stresses 
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Figure 5 Normal i zed  m a x i m u m  rad ia l  and  t angen t ia l  stresses as a 
funct ion of  relat ive wall  th ickness  for P = 0. 

shrinkage there (Fig. 4). It is also noted that while 
the outer wall always shrinks during cooling (positive 
a0), the inner wall can expand when a0 becomes nega- 
tive at high a~/c~0 ratios (Fig. 7), where the cooling 
shrinkage is now overcome by the expansion gener- 
ated by the residual tensile stress. Experimentally 
negative effective thermal expansion coefficients are 
observed [7, 8]. Fig. 8 shows the critical ratio of ~r/~0 
as a function of (b - a)/a (Equation 15) for P = 0 to 
achieve zero shrinkage of the inner wall. The inner 
wall is expected to expand during cooling when 
the ratio of c~/e0 is higher than the critical value in 
Equation 15. 

increase with increase in (b - a)/a ratio, and thus 
there exists a maximum wall thickness above which 
delamination or cracking is expected to occur. 

Fig. 6 shows the effects of graphite mandrel attach- 
ment to the PBN crucible's inner wall during cooling 
for b/a = 1.2, A T = - 1 8 0 0 ° C ,  P >/ 0 and the 
material properties listed in Table I. The radial tension 
in the crucible is shown to increase due to this attach- 
ment (P > 0) which, in turn, enhances the delami- 
nation of the crucible. 

The relative effective tangential thermal expansion 
coefficients, ~0/~0, as a function of position within the 
crucible for b/a = 1.2 at different ~/c~0 ratios are 
plotted in Fig. 7. It can be visualized that fi0 becomes 
smaller than ~0 in the inner wall region due to the high 
tangential tensile stress there (Fig. 4). Conversely, fi0 
becomes higher in the outer wall region due to the high 
compressive value of ao resulting from the enhanced 
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4 .  D i s c u s s i o n  
The present analysis reveals that residual stresses are 
generated in PBN crucible during cooling due to ther- 
mal contraction mismatch between the radial and the 
tangential directions. This results from (1) the highly 
oriented crystallographic texture of PBN, and (2) the 
very anisotropic properties of PBN. It is also reported 
that stresses develop due to annealing during vapour 
deposition of PBN at its fabrication temperature [12]. 
Each succeeding layer of deposited materials has less 
time to anneal, and thus the net effect depends upon 
the thermal history of deposition. Detailed analysis of 
these stresses due to the deposition process is beyond 
the scope of this article. In the absence of the stress 
solution due to deposition process, direct, fully quan- 
titative comparison of the present analysis with the 
experimental data is not possible. However, it is hoped 
that the present model provides a useful basis for 
describing stress states and predicting cracking due to 
the thermal anisotropy of PBN crucibles during cool- 
ing. In addition, geometrical effects of the crucibles 
such as the sharp corner at the bottom of the crucible 
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is not considered in this study. However, the stresses 
are expected to increase with the increase in the 
curvature at the corner, resulting in detrimental 
characteristics. 

Negative effective thermal expansion coefficients in 
the tangential direction obtained in this study result 
from the expansion generated by the residual tangen- 
tial tensile stresses induced during cooling. Residual 
radial tensile stresses which develop in PBN crucible 
(Fig. 5) can be sufficient to cause cracking and delami- 
nation, which are enhanced when the interfacial stress, 
P, is tensile (Fig. 6), It can be visualized that when the 
crucible and the mandrel are attached, the interfacial 
stress, P, is tension when em > a0, and is compression 
when em < 0i0 during cooling. Specifically, in the case 
of PBN with a graphite mandrel (Table I), the inter- 
facial stress, P, is always tensile, which in turn, 
increases the radial tensile stress in the crucible 
(Fig. 6). To minimize delamination, this attachment 
should be avoided. 
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